Subvector inference in GARCH-X type models

Philipp Ketz*

January 11, 2022

Preliminary and incomplete. Please do not circulate.

In this paper, we derive asymptotic distribution theory for a general class of models
where the identification strength of one parameter is determined by another parameter and
where the latter is allowed to be at the boundary of the parameter space—extending the
results in |Andrews and Cheng (2012)). This allows us to derive the asymptotic distribution,
under different identification strengths, of the two test statistics that are used in the two-step
(testing) procedure proposed in [Pedersen and Rahbek (2019). The latter aims at testing the
null hypothesis that a GARCH-X type model, with an exogenous covariate (X), reduces to
a standard GARCH model, while allowing the “GARCH parameter” to be unidentified. We
find that using the second step test statistic together with plug-in least favorable configura-
tion (PI-LF) critical values offers (asymptotic) power gains over a wide range of alternatives
(for realistic choices of the data generating process) compared to the two-step procedure.
Furthermore, we find that the two-step procedure fails to control asymptotic size. Together,
our findings provide arguments against the use of the two-step procedure in practice; other

tests, such as the aforementioned test using PI-LF critical values, ought to be preferred.
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1 Introduction

In GARCH-X type models, the variance of a generalized autoregressive conditional het-
eroskedasticity (GARCH) type model is augmented by a set of “exogenous” regressors (X).
Naturally, the question arises if the more general GARCH-X type model reduces to the sim-
pler GARCH type model. Statistically speaking, the problem reduces to testing whether the
“coefficients” on the exogenous regressors are significantly different from zero. The testing
problem is non-standard due to the presence of two nuisance parameters that could possibly
be at the boundary of the parameter space. In addition, under the null hypothesis, one of
the nuisance parameters, the “GARCH parameter,” is not identified when the other, the
“ARCH parameter,” is at the boundary. In order to address this possible lack of identifi-
cation, Pedersen and Rahbek! (2019) (PR hereinafter) suggest a two-step testing procedure,
where rejection in the first step is taken as “evidence” that the model is strongly identified.
In the second step, the authors then rely on an additional assumption, namely that a specific
entry of the inverse information is zero, to obtain an asymptotic null distribution of their
proposed (“second step”) test statistic that is nuisance parameter free. There are two (po-
tential) problems with this two-step procedure. First, as is well known, two-step procedures
may suffer from asymptotic size distortions, i.e., the asymptotic size may exceed the nominal
level, if the possible error in the first step is not appropriately taken into account (see e.g.,
Leeb and Potscher, 2005, [2008). In addition, the aforementioned additional assumption that
the authors make in the second step may not be satisfied (under reasonable assumptions
about the data generating process/true parameter space), which may lead to or aggravate
(“existing”) asymptotic size distortions. Second, the two-step procedure may, irrespective
of possible asymptotic size distortions, have poor (asymptotic) power over large parts of the
parameter space, as suggested by simulations in PR. In sum, the two-step procedure may
suffer from large type I and type II errors in different parts of the parameter space.

The motivation for the two-step procedure comes from the fact that the asymptotic
null distribution of the “second step” test statistic (and the underlying estimator) under
semi-strong and weak identification (of the “GARCH parameter”), using the terminology
in |Andrews and Chengl (2012) (AC hereinafter), is unknown in the literature to date. In
this paper, we fill this gap in the literature by extending the results in AC to allow for
the parameter that determines the identification strength to be at the boundary of the
parameter space such that they cover the GARCH-X type models considered in PR. This,
in turn, allows us to characterize the asymptotic size (AsySz) of the two-step procedure
proposed in PR in terms of a finite number of parameters—we are currently in the process

of numerically evaluating the AsySz in order to establish whether the procedure controls



asymptotic size or not. Furthermore, the new results open the possibility to implement
(one-step) testing procedures that, by construction, control asymptotic size and that, in
addition, have good power properties. For example, the “second step” test statistic used in
PR together with plug-in least favorable configuration (PI-LF) critical values is found to have
greater (asymptotic) power than the two-step procedure over a large part of the parameter
space (for realistic choices of the data generating process), illustrating the potential for
improvement.

The plan of this paper is as follows. In Section [2, we present the new asymptotic distribu-
tion theory and introduce the GARCH-X model, which serves as running example. Section
introduces the test statistics used in the two-step procedure proposed by PR. In Section [7]
we graphically illustrate that the finite-sample distribution of the test statistics and the un-
derlying estimators is well approximated by the asymptotic distribution theory. In addition,
this section provides an asymptotic power comparison of the two-step procedure proposed
by PR and the test that uses their “second step” test statistic together with PI-LF critical
values. Section [0 investigates the asymptotic size properties of the two-step procedure and

Section [7] concludes.

2 Asymptotic theory

This section closely follows AC. Let 6 = (¢, ') = (5, {’,n")’ denote the finite-dimensional
parameter of interest, where 8 governs the identification strength of 7 and ¢ = (5',(’) is
always identified. We consider the estimator én that satisfies én € 0 and

Qn(én) = inf Qn(e) + 0<1)7

0cO

where © and @,,(0) denote the “optimization” parameter space and the objective function,
respectively. The dependence of Q,(f) on the data {W; : ¢t < n} is suppressed for nota-
tional convenience. The true data generating process is indexed by v* = (6*, ¢*) and the
corresponding “true parameter space” is denoted I'. Here, 8* denotes the true value of
and ¢*, which denotes the true value of ¢, indexes the part of the distribution of the data
not determined by 6%, such as the distribution of the conditioning variables in conditional
maximum likelihood (CML). We assume that 7 is unidentified when § = 0.

Assumption A. If § =0, @,(0) does not depend on 7 V0 = (5,(,7) = (0,(,7) € ©,Yn >

1, for any true parameter v* € I'.

Running ezample - GARCH-X(1,1): We consider a simple version of the GARCH-X(1,1)

1/2

model, with a single exogenous variable (as in PR). The model is given by y, = h(6%)"/*z,
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where

he(0) = ho(¥, ) = ha(B, ¢, ) = C(1 = ) + Buyiy + mheoa (v, 7) + Boif 4

and where ¢* denotes the distribution of {z,z;}. Here, y; and x; are observed and z
is unobserved. Note that 8 = (f;,5;) € R?, while (,7 € R. The objective function

is given by (—% times) the Gaussian-based conditional quasi log-likelihood function, i.e.,
Qn(0) = 2570 14(6), where

2

1,(0) = %log(%r) + %log(ht(@) + Q}Zt(g)

and where 7 = 3.14..., with initial condition ho(f) = ¢. The optimization parameter space,

O, is given by © = ¥ x II, where
U={yp:0<p <B,0< <P, (<(<(tand = {r:0<7 <7}

for some 0 < 3,8, < 00, 0 < ¢ < ( < 00, and 0 < T < 1. Note that, given ho(f) = ¢, we

have
t—1 t-1
hi(0) = ¢+ B Z T i1 + P Z Ty
i=0 i=0

and hy(0,¢,m) = (V0 = (B,(,m) = (0,(,m) € ©,Yn > 1, such that Assumption A is satisfied.

The true distribution of the data {W; : ¢ < n} is denoted F, where v € I'. P, and E,
denote probability and expectation under ~y, respectively. The true parameter space, I', is

assumed to be compact and of the following form

I'={y=(0,0):0€0"¢cd®))}

where ©* is compact and ®(0) C ¢ VO € OF for some compact metric space ¢ with a metric
that induces weak convergence of the distribution of (W,, ¢, Wi, 14,) for all i,m > 1, i.e., the
metric is such that if 4! — 2, then (W, ;, W, ;+m) under 4! converges in distribution to
(Whis Whitm) under ~2 for all i,m > 1.

Running example continued: The true parameter space ©* is given by W* x II*, where

\I/*:{@Z)Z()SﬁlSB;OS52§B;>§*SCSZ*}aHdH*:{W:OSﬂ'SW*}



for some 0 < Bi <B,,0< B; < By, (<< ("<, and 0 < 7 < 7. Given this definition
of the parameter space, boundary effects are permitted for g, 52, and 7, but only “below”
at zero. [To do: Define ®(#) and .|

In this paper, we are interested in the behavior of tests under varying identification
strength. Say we are interested in testing Hy : r(0) = v for some function r(0) of 6. Let
T.(v) denote a generic test statistic for testing Hy : 7(f) = v and let cv,, 1_,(v) denote the
corresponding nominal level « critical value, which may depend on n and v. We approximate
the (finite-sample) size of the resulting test, sup.cr., =y Py(Tn(v) > cvinia(v)), by its
asymptotic size (AsySz), i.e.,

AsySz =limsup sup P, (T,(v) > cvy,1-4(0)).

n—oo  ~yelr(f)=v

In order to characterize AsySz and eventually determine whether a given test controls asymp-
totic size, i.e., AsySz < «a, we rely on Lemma 2.1 in AC (adapted to tests). Therefore, we
consider the same set of drifting sequences of true parameters 7, = (6, ¢,) as AC, see their

equation (2.7).

2.1 Corresponds to Section B in AC

[To do: “Paste” Assumptions B1-B3 from AC, suitably adapting Assumption B(i) to allow

for “some” boundary effects.]

2.2 Corresponds to Section C in AC

[To do: Complete and re-formulate this section.]

Define the concentrated extremum estimator ¢, (7)(€ (7)) of ¥ for given € II by

~

Qu(Wn(m),m) = inf Qu(v,7)+o(n™").

Yew(r)

Below, we will use the following notation: QS (7) = Qn(iﬁn(ﬂ)ﬂr). We rely on the same

definitions of sets of drifting sequences as those used in AC. Let

() = nl/? if {7} € T'(7,0,0) and ||b]] < o0
TV B i {9} € T(90,0,5) and [[b] = 00

We invoke Assumptions C1-C5. In particular (given Assumptions C1 and C4), we have the



following quadratic expansion in ¢ around vy, = (0, () for given 7, under {v,} € I'(7, 0, b):

Qn(wa 7T) = Qn(wo,na 7T) + Dan(wO,m 77)1(¢ - wO,n>
+ %W - wﬂ,n)/H(Tf; 70)(¢ — wO,n) + RZ(% 7T)'

Running example - continued: Assumption C1 holds with

Dan Zp¢t

where

a1 yi ) Ohie(0)
pui(0) = @pt(e) ~ 2h(6) (1 N h?o(e)) oy

and where

(e ¢] !
(Z s yt i—1 Z Wixffifl, 1) .
=0

It will be convenient to introduce H(7; ) later on. Assumptions C2 and C3 hold with
\/__Z Pyt wOTw ’anll)t(wOTLa ))7

where G, (-) < G(-;7) and where G(+;y) denotes a mean zero Gaussian process with

covariance Kernel given by

Q(Wh 23 70) = Evopw,t(¢07 7T1)Pw,t(¢07 72)/,

(under appropriate assumptions about the dependence of z; (or maybe y,!?) and F;_1). Note

that, here, v is such that 5y = 0. Furthermore, note that, if the true parameter is v*, then

2

Yi 2

nEo)
Therefore, if v* is such that * = 0, then g—? = 22, Letting ¢ = E”O(IQ_Z’?)Q = E”(’;f_l (since
E. 22| Fi-1] = E,[27] = 1) following |Andrews| (2001) [See also equation (4.4) in Andrews

(2001); Note that we impose Assumption 2.2 in Pedersen and Rahbek| (2019))], we have the

following simplification:

& E §O(¢0771> ahgo(w(]?ﬂ-Q)
220 g o0

Q(Wlﬂfz;%)



We have several more simplifications. First,
o
2 J, 2 J .2
E 7T1?Jt—i—1§ TYp—j—1 = E 7T12't i 1§ ToZ4—j—1
i=0 =0 =0
oo
4 i _J 2 2
—E Ty E Zt—i—1+§ E MLz 12

i=0 j#i
—Zﬁﬂb 0Zt—io1 Zﬂ-lﬂb—i_zﬂ-izﬂ-%
i=0  j=0
B Ewozt -1 n 1
1—7T17T2 (1—77'1)(]_—71'2)
2c 1

+ ;
].—7T17T2 (].—71'1)(1—77'2)

where the second to last equality uses E, 27 ; ;27 ; ; = 1 for i # j. Second,

(o)
1 P 1
Ey, § ™Y i1 = E let i—1 = § 771 Zt i—1 = 1 :
—0 — 1
1=

Third,
o0 o0
J .2 _ i.2 Jo2
E 7T13/t i—1 E ToXy ;1 = E,, E T 251 E MLy _j_1-
=0 i=0 §=0

[Note that, if we are willing to assume independence, this equals = Eﬂ,0 > o a2 1) In
sum, we have

2¢ 1 1 0o _i,2 o _j,2 11
Tomms T (=r)(=m2) Go B0 220 ™z 1 2250 T %o Tom
c 1 oo _i,.2 o J 2 1 o 7,2 oo J .2 1 o J .2
Q(m1,m2570) = 3| @ Eng 2720 T im1 22520 T2%—j—1 13 By 2020 ™% i1 2520 Ta%t—j 1 a3 By 2520 M%7 j 1
11 1 o j.2 1
Co T=72 a2 Eqq ijo Toxy_j—1 13

By definition, we have

0
H(m;v) = E%a_@b’pw’t(%’ﬁ)'

Also,

0 0 1 yi ) OhF(0)] _ Oh(0) 0 1 yi
_/pwvt(e) / 00 L - 00 - ! 00 L - 00 )
o oY’ [ 2h3°(6) h(0)) oY oY Oy’ [2hi°(0) hi°(0)
since 220 ig not a function of 1. We have

oy

o | ()| = [ O i) * wewasion) o



- 2 _
Now, using E,,z; = 1, we have

po_ 1__Z2)6h$%¢m,w>ah?<wm7a

noagmH) Ty e O
Therefore, we have
1 ahm(¢0, 7T> 8h°° (77[}0, 7T)
H(m, =—F L L =0 ; .
(ﬂ-ﬂ 70> 2(3 o a¢ 61/1/ <7T7 e ’YO)/C

Next, we derive K (m;70) = K (¢o, m;70) defined in Assumption C5. By definition, we have

o1& 0
Ka(0:77) = > WEV*pzb,t(e)'
t=1

We have
1 yi |\ Oh°(9) 1 hio(07)\ 9hi(0)
E. 0)=F——= 11— =FEpoom (11—
woni® = By (1= ey ) P = B (1 )
1 0Oh(0) 1 h(0%) 0h(0)
—E. - E,
E0) v UIEE) b @) b |
gL onRO) 1 CHBISE T B SR T ORi®(6)
T 2h0(0)  OY " 2hg(0) hi°(0) o
Then, we have
1 One(0 = —
K(m;v) = —EWQ—C2 évj ) [Z 77{)?/?—]‘—1? ZW(J)x?—j—l
0 0=(tho,m) | j=0 =0
1 Frm T @A) , RPN D Dkt ”3??—3‘—1
) CioEvo Do Ty Z;io 7Té'zt{jfl éE% Do T Z;io Wéx?ﬂ'*l
Cio 1,1,“) éEvo 2 s XY i1
Define
Zn(ﬂ-) = _an(fYn)Hil(T(; 70)D¢Qn(w0,na 7'(')'
Let

(X5 70) = (A = Zn(m)) H (75790) (A = Zn(7)).



Then, we have
1
QTL(wa 7T> = Qn(wo,m ﬂ') - 2a2—("yn)Z”(7T)/H(ﬂ-; PYU)Zn(ﬂ-)

1
+ mqn(an(%)(?ﬁ — o), Tiv0) + Ry (Y, ).

Under {v,} € I'(7,0,b), we have

Z.(n) 4 Z(7:790,b) = —H 1 (m;70){G(7;70) + K(m;70)b} if ||b]| < 00
— H= (73 70) K (705 70)wo if [|b]| = 00 and Bu/||Ball — wo

cf. equation (3.7) in |Andrews and Cheng (2012). Define
¢(A, 7370, 0) = (A = Z(7370,0)) H (75 %) (A = Z(73%, b))

and

5\(7r;70, b) = arg min q(\, 7;70, b),
AEA

where in our running example
A = [0, 00]? x [~00,00].
Then the equivalent for the first part of Theorem 3.1(a) for fized 7 is given by

V(W (7) = th0n) % A 70, b).

The “rest” of part Theorem 3.1(a) also holds, with 7*(7o,b) suitably adapted, which is
necessary because Assumption C6 does not (/cannot) hold in the presence of boundary
constraints. This is an immediate consequence of Assumption A. To see this note that (in
our running example) /A\(W;%,b)m = (0,0)" with positive probability (QUESTION: is it
always true that this holds for all 7777 No, not at alllll But I don’t think that this is a

problem per se.) under {v,} € I'(7,0,b) with ||b|| < oo such that

Qn(m) = Qon + 0p(1),

where Qo = Qn(Yon, ), which does not depend on m. To “fix” this, we have to modify
Assumption C6 so that it holds whenever A(m; 70, b)1.2 > (0,0)" and 7*(yo,b) can be defined

arbitrarily whenever A(m;7o,b)12 = (0,0) for all w. Similarly, the equivalent of Theorem



3.1(b) is given by
20(Qn(6) = Qo) > 10k —A(m;70,b) H(m:70) M(: 0. D).

Note that the fized 7 version in Lemma 3.2(a) holds as well. Lemma 3.2(b) also holds
(without modification). To see this, note that under {v,} € I'(7,0,b) with [|b|| = co and
Bn/llBnll = wo, the equivalent of the above ¢(-) function is given by

(A= {=H " (m;70) K (m;70)wo }) H(m;70) (A — {—H (3 70) K (7570 )wo })

which we minimize over
1

15

(at least in our running example). Furthermore, in our running example, —H ~*(;v0) K (75 70 )wo

(\I/ — ¢0,n) — A

is strictly positive (and finite), such that the equivalent of the ¢(-) function equals 0.
[To do: Verification of Assumptions C7 and C8 and Lemmas 3.3 and 3.4.]

2.3 Corresponds to Section D in AC
[To do: “Reproduce” suitably adapted versions of Assumptions D1-D3.]

Running example - continued: We want to derive J(7y) and V' (7) that pop up in As-
sumptions D2 and D3. Let’s first consider D3

n

_l(ﬂn)DQn(en) = %; Wlwn) <1 - #Een)) W(en)7

(,D(Qn) :B_l(ﬁn ah (Zﬂ—nyt i— 1727T xt z—lvlaziﬂ-:z_l (Hﬁﬁnln t21 1+ ||56712|| ? i— 1)) .

i=1

We have )
c ©(0o) (o)
2770052 (6o) h5°(6o)

V(%)

Similarly, using similar arguments as in Lemma A.6 in |Pedersen and Rahbek| (2019)), we can
show that

Lo #lt) #'(6o)

T00) = 5 B0 = 0,) i (00



3 Test statistics used in two-step procedure

Pedersen and Rahbek] (2019) consider two test statistics. Assuming that 6, = (¢ (), 7n),

where 7,, € Il is defined as

Qp () = inf Q7 () + o(n™"),

mell

the LR* statistic for testing H : £ = 82 = 0 can be written as

LR* = 2n(min Q,(0) — Qn(én))>

0€Og

where ©f = {0 € ©: §; = B, = 0}.
The LR statistic for testing Hj : 5 = 0 can be written as

LR = 271(?611@1(1) Qn(e) - Qn(én>)7

where ©g = {0 € © : 5, = 0}. Let S = [I, 02] denote the selection matrix that selects the
entries pertaining to 5 and let )\ﬂ(w, Y0,b) = SpA (7T, Y0, b). Then, the asymptotic distribution
of LR* under (3, = b/+/n is given by

sup Ag (570, 0)' (S H (73 70)S) " Ag (7570, b) (—04(Ss. H (3 70) ) ~02).

well

Note that under f,, = 02 (Vn), we have b = 0.
The asymptotic distribution of LR under (3, = b/y/n is given by

sup Ag(m3 70, b)' (S5 H ™ (m590)S5) " Aa(: 70, b) —sup N (7570, b) (Ss H (3 70) S5) ™ Ny (7590, b),

rell mell
where Xg(w;%,b) = SﬂS\T(W;%; b),

5\%(7@ 7o, b) = arg min Q()‘7 570, b)7
AEAT

and
A" =10, 00] x {0} x [—00, 0].

If we assume that

1 o0
J, .2 _ J 2
E 7T1Zt i—1 E Xy _j1 = 11— E,, E Toxy_j—1 (1)
=0 1 =0

10



(a sufficient condition is that z (¢t = ...,—2,—1,0,1,2,...) is independent of xz;), then
SgH~'(m;7)S} is diagonal. In that case, the two asymptotic distributions simplify: Let
S, = [1 0 0] and Sz, = [0 1 0] denote the selection matrices that select the entries per-
taining to (; and [, respectively. Then, 5\51(77';’)/0,[)) = Sﬁlj\(ﬂ;%,b) and Ag, (7370, b) =

~

Sp,A(; 70, b), where, for i € {1, 2},
5\52‘ (ﬂ_; Yo, b) ~ maX<Z5i (Wa Yo, b)a O)a

with Zg,(m;70,0) = Sg,Z(m;7,0). Let A = (SgH'(m;70)55)~". Then, the asymptotic

distribution of LR is, for example, given by

sup [ﬁﬂl(ﬂ; Y0, )2 11 + Ag, (7590, )2 Aoy | — Sup As, (73790, b)? Aqy. (2)
TE s

3.1 Plug-in least favorable configuration

In the case where equation applies, applying plug-in least favorable configuration critical
values (AC) (for the LR statistic) is not too computationally expensive. In addition, it
should be possible to exploit certain monotonicities. [To do: Insert the computation of the
plug-in least favorable configuration critical values, for when equation applies and for

when it doesn’t.]

4 Approximation

The dgp is generated as follows: n = 500. Burn-in phase of 100 observations. We are
generating data under the null, i.e., S = 0. Furthermore, we choose ( = 1 (which has no
impact it seems) and 7 = 0.2. We vary (; in the set {0,0.1,0.2} which correspond to the
localization parameter by = /500 - 41 € {0,2.23,4.47}. z, is drawn from an AR(1), i.c.,

Ty = Pgli—1 + €,

({2 3)

In what follows, we vary p, and p,.. Note that, for this dgp, z; and z; are independent if

where

and only if p,. = 0.
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4.1 n =500, p..=0, p, =05, 7 =0.7, 7 = 0.2
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4.2 n=1000, p,. =0, p, = 0.5, 7 = 0.7, 7 = 0.2
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4.3

density

density

density

density

density

density

n = 10000, p,e =0, p, = 0.5, 7 = 0.7, 7 = 0.2
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4.4 n=500, p..=0, p, =05, 7 =0.7, 7= 0.2
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4.5 n=1000, p,. =0, p, = 0.5, 7 = 0.7, 7 = 0.2
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4.6 n=10000, p,c =0, p, = 0.5, 7 = 0.7, 7 = 0.2
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4.7 n =500, p.. =09, p, =0, 7 = 0.7, 7 = 0.2
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4.8

density
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n = 1000, p.c = 0.9, p, =0, # = 0.7, 7 = 0.2
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4.9
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n = 10000, p, = 0.9, p, =0, 7 = 0.7, 7 = 0.2
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4.10 n = 10000, p,c =0, p, = 0.5, 7 = 0.7, 7 = 0.2
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4.11 n =500, p,.=0.9, p, =0, 7=0.7, T =0.2
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4.12 n =1000, p,e =0.9, p, =0, 7=0.7, 7 = 0.2
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4.13 n = 10000, p,. =0.9, p, =0, 1 =0.7, 7 =0.2
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4.14 n = 20000, p,. =09, p, =0, 1 =0.7, 7 =0.2
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5 Power comparison

[To do: Complete the subsequent “preliminary” simulation results.] We choose 7 = 0.7. The
true parameters are set equal to S = 0, ( = 1, 7 = 0.2. We set n = 500, with a burn-
in phase of 100 observations. In the simulation results below, which are based on 10,000
replications (for both, asymptotic and finite sample distributions), we vary (3; in the set
{0,0.1,0.2} which correspond to the localization parameter b = /500 - 3, € {0,2.23,4.47}.
x; is drawn from an AR(1), i.e.,

Ty = PTi—1 + €.

We set p = 0.5 and generate data from z, ¢ “ N(0,1).

In Figures ?7-?7. the scale within each figure is the same, but this is not true between

figures.
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Figures 77-?7 show that the asymptotic and finite sample distributions of anl, Bmg, én,
and 7, (appropriately demeaned, or not, and scaled) for 5 € {0,0.1,0.2} from left to right.
Note that for both, the asymptotic and the finite sample distributions, 7, and its asymptotic
counterpart are set equal to 1 whenever they are not defined, which happens when Bn or

its asymptotic counterpart are equal to (0,0)". The take-away messages from Figures 7777

are:

e The asymptotic approximations work well. [To do: There is some room for improve-
ment by replacing Q(my, m2;70) with the covariance kernel evaluated at the true pa-
rameter (i.e., f; € {0,0.1,0.2} rather than 5, = 0 throughout). This should somewhat
increase the asymptotic variance, which is in line with the graphs where the asymptotic

distributions currently seem too tight.]

e While 3, = 0.2 is far enough from the boundary for the corresponding estimator, Bn,la
to no longer take on the value 0 (cf. Figure 7?), weak identification is still persuasive
(unclear in how far this distribution is well approximated by a truncated normal), cf.
Figure 77?.

Figure 7?7 shows the asymptotic and finite sample distribution of the LR statistic for

testing Hy : B2 = 0 for 51 € {0,0.1,0.2} from left to right. Since > = 0 throughout, all

distributions are “null distributions.”

Distribution: max(0,N(0,1))"2 Distribution: max(0,N(0,1))"2 Distribution: max(0,N(0,1))"2
Finite sample distribution Finite sample distribution Finite sample distribution

2 2 2

‘@ [7) %)

c c c

[0} (o) (o)

° ° °

0 2 4 6 0 2 4 6 0 2 4 6

y y y

Figure 1: Histogram of max(0, N(0,1))? and finite sample distribution (n = 500) of LR
statistic for testing Hy : fa = 0, with by = v/500-0 (= 0),v/500-0.1 (= 2.23), and v/500-0.2 (=~
4.47) from left to right.

Because the three graphs in Figure 77 look somewhat similar, Figure [I| also plots the
finite sample distribution of the LR statistic, but compares it to the asymptotic distribution
that Pedersen and Rahbek! (2019) obtain for 8; > 0 (b; = 00), i.e., max(0, N(0,1))% The
right graph shows that even though $; = 0.2 (b & 4.47) is not super far from the boundary,
the asymptotic distribution result in [Pedersen and Rahbek| (2019) seems to already kick

in. (This is of course no uniformly valid statement, because everything depends on the
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distribution of z; as well as the true value of 7.) Plus, the left graph shows that even when
B1 = 0, the max(0, N(0,1))? is not too far off (see Section for the expression of the
asymptotic distribution). This already hints at the potential power gains.

Figure 7?7 shows the asymptotic and finite sample distribution of the LR* statistic for
testing H : 1 = P2 = 0 for 51 € {0,0.1,0.2} from left to right. [While the approximation
by the asymptotic distribution doesn’t look that good here, note the scale on the x-axis, i.e.,
the shift in the mean is still well captured. Similar to above, the asymptotic approximation
can be improved upon.] The left hand graph, thus, shows distributions under the null, while
the other two graphs show distributions under the alternative. By “combining” the graphs
in Figures 7?7 and 77, we obtain the asymptotic null rejection probability of the two step

testing procedure. [To do: Add the corresponding simulation results.|

5.1 Analysis of sequential test

[To do: Present the power comparison of the two step testing procedures and the “second

step” test (or LR) statistic with plug-in least favorable configuration critical values.|

—— Two-step procedure
— LR with PI-LF

—— Two-step procedure
— LR with PI-LF

4 —— Two-step procedure
— LR with PI-LF

0.8
.

0.6
.

Rejection probability
0.4
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0.2 0.4 0.6 0.8
Rejection probability

Rejection probability
0.2 0.4 0.6 0.8
0.2

;

00 05 10 15 20 00 05 10 15 200 00 05 10 15 200
b, b, b,

Figure 2: Asymptotic power as a function of by, with by = 1/500-0 (= 0), v/500-0.05 (=~ 1.12),
and /500 - 0.1 (= 2.24) from left to right. LR with PI-LF in black. Two-step procedure in
red. m = 0.2.

6 Asymptotic size of two-step procedures

[To dol]

7 Conclusion

[To do!]
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